Since the foundational work of Chenciner and Montgomery in 2000 there has been a great deal of interest in choreographic solutions of the n-body problem: periodic motions where the n bodies all follow one another at regular intervals along a closed path. The principal approach combines variational methods with symmetry properties. In this paper, we give a systematic treatment of the symmetry aspect. In the first part we classify all possible symmetry groups of planar n-body, collision-free choreographies. These symmetry groups fall in to 2 infinite families and, if n is odd, three exceptional groups. In the second part we develop the equivariant fundamental group and use it to determine the topology of the space of loops with a given symmetry, which we show is related to certain cosets of the pure braid group in the full braid group, and to centralizers of elements of the corresponding coset.
INTRODUCTION
The problem of determining the motion of n particles under gravitational interaction has long been of interest, and since Poincaré there has been particular interest in periodic motions. In the last 20 years, renewed interest has followed the discovery of what are now called choreographies: periodic motions where the particles, taken to be identical, follow each other around a closed path at regular intervals. In 1993, Moore [29] discovered the first of these, where 3 identical particles move along a figure 8 curve; he found this numerically. Independently, Chenciner and Montgomery [8] (re)discovered this figure-8 solution a few years later, but they proved its existence using a clever combination of symmetry methods and variational techniques. Since the work of Moore, Chenciner and Montgomery there have been many papers written on the subject of choreographies. We restrict ourselves to the planar case, although interesting examples of choreographies have been shown to exist in higher dimensions [1, 9, 12, 15] . In the plane, the first choreography known (in hindsight) was the circular choreography of Lagrange, in which the particles are positioned at the vertices of a regular n-gon rotating with constant speed about its centre. Soon after the work of Chenciner and Montgomery, J. Gerver suggested a 4-particle choreography on what is called the 'super-eight', a curve similar to the figure eight but with three internal regions and two crossings ( [7] p. 289 and Fig. 1.1(c) ). The papers [7] and [33] contains many examples of choreographies, found numerically, and it will be noticed that almost all have some geometric symmetry.
Some work approaches the questions using numerics and some use an analytic-topological approach, but almost all methods use a variational setting for the problem. The original paper by Moore [29] was asking how the theory of braids could be used in the study of dynamical systems of n interacting bodies in the plane-any periodic motion of n particles can be represented by a braid (indeed a pure braid as the particles return to their original position after one period), and Moore's numerical approach was to use the braid as an 'initial condition' for the variational problem and then 'relax' the curve by decreasing the action. Chenciner and Montgomery's approach was also variational, but they used explicitly the symmetries involved in the figure 8 solution, together with the variational setup, and the crux of their existence proof was to show that minimizing the action within the given symmetry class did not involve collisions.
The idea of using symmetry methods in the variational problem was taken up in a very interesting paper by Ferrario and Terracini [13] , where they gave, among other things, conditions on the symmetry under consideration guaranteeing that a minimizer of the action is free of collisions (their 'rotating circle' condition, which we describe in Section 2).
An excellent review by Terracini was published in 2006 [37] , containing many more references.
The main aim of the present paper is to make systematic the combination of topological (braid) methods and symmetry methods. We begin by classifying all possible symmetry groups arising for (collision-free) choreographies in the plane, and then proceed to study symmetries in loop space, firstly in general and then referring specifically to choreographies.
This work is an extension of the work presented in the second author's thesis [35] .
CONFIGURATIONS AND SYMMETRIES
We are interested in the motion of an isolated system of n identical particles in the plane. We identify the plane with C-the complex numbers. Under these assumptions, the centre of mass of the particles is given by 1 n j z j and without loss of generality we can take this point to be fixed at the origin. In addition we assume the particles do not collide. Later we assume they interact under a conservative attractive force. Much of this section follows the work of Ferrario and Terracini [13] .
The configuration space of the system is therefore X (n) := (z 1 , . . . , z n ) ∈ C n | j z j = 0, z i = z j ∀i = j , which is a (non-compact) manifold of real dimension 2n − 2. There is a natural symmetry group acting on X (n) , namely Γ := O(2) × S n acting by, (A, σ) · (z 1 , . . . , z n ) = (Az σ −1 (1) , . . . , Az σ −1 (n) ).
(1.1)
All group actions will be left actions, whence the inverse on the permutation in (1.1). Let Λ = ΛX (n) be the space of all loops in X (n) . Here a loop is a continuous map u : T → X (n) , where T is the time circle: we identify T = R/Z, so loops are parametrized by t ∈ [0, 1]. Then u(t ) = (z 1 (t ), . . . , z n (t )) ∈ X (n) , (1.2) where each z j : T → C. The action of Γ on X (n) extends to an action of Γ × S 1 on Λ. Here S 1 is the symmetry group of rotations and reflections of the circle T, which is isomorphic to O(2). Explicitly, if τ ∈ S 1 we put ((A, σ, τ) · u)(t ) := (A, σ) · u(τ −1 (t )), (1.3) where (A, σ) acts as in (1.1) . A loop u is said to have symmetry G < Γ × S 1 if G is the isotropy subgroup of u under the Γ × S 1 -action. Explicitly, this means that u(τ(t )) = (A, σ) · u(t ), ∀ (A, σ, τ) ∈ G.
Notice that g = (I , σ, τ) ∈ G means that z σ( j ) (τ(t )) = z j (t ) (∀ j , t ).
Consequently particles whose labels are within the same orbit of σ follow the same path. In particular, if σ is a cycle of order n (the number of particles), then all the particles follow the same path.
A particular subgroup of central interest is the choreography group C n which is the cyclic group of order n generated by c = (I , σ 1 , − 1 / n ), where σ 1 is the cycle σ 1 = (1 2 3 . . . n) ∈ S n . Definition 1.1. A choreography is an element of Fix(C n , Λ(X (n) )).
We denote this fixed point space by Λ c = Λ c X (n) . Explicitly, the loop (1.2) is a choreography if, for each j = 1, . . . , n, z j +1 (t ) = z j (t + 1 / n ), (1.4) where the index is taken modulo n; in particular particle 1 follows particle 2 which in turn follows particle 3 etc., and all with the same time delay of 1/n. As already pointed out, this definition requires all the particles to move on the same curve. Such motions are sometimes called simple choreographies, to distinguish from more general choreographies where more than one curve is involved, and possibly different numbers of particles on different curves: we only consider these simple choreographies. Note that the definition does not imply that the particles are in numerical order around the curve as the example below shows.
Since C n is of order n, it follows that n divides the order of the symmetry group G of any choreography.
For a given symmetry group G < Γ × S 1 , we denote by ρ, σ, τ the projections of G to each component. That is, given an element g ∈ Γ× S 1 we write its three components as ρ(g ) ∈ O(2), σ(g ) ∈ S n and τ(g ) ∈ S 1 .
Definition 1.2. A subgroup G < Γ is said to be non-reversing if τ(G) < S

, otherwise it is reversing.
These are what Ferrario and Terracini call symmetry groups of cyclic and dihedral type, respectively [13] . Note that their 'brake type' symmetry groups cannot occur in collision-free choreographies with more than 1 particle. Example 1.3. Consider the generalizations of the Lagrange solution to n particles where the particles rotate uniformly at the vertices of a regular n-gon about their centre of mass; we refer to these throughout as circular choreographies. Explicitly, consider the parametrized circle z(t ) = exp(2πit ) in the plane. Let ℓ be an integer coprime to n and define a motion of n particles by z j (t ) = e 2πiℓ j /n z(ℓt ). (1.5) This is easily seen to be a choreography, satisfying (1.4) . The full symmetry group of this motion is isomorphic to a semidirect product O(2) ⋉ Z n ≃ (SO(2) × Z n ) ⋊ Z 2 ; an explicit description of the elements is given in Eq. (2.1). To be consistent with later notation, we denote this symmetry group by D(n, ∞/ℓ) (see 'classification' below). In this motion, particle j immediately follows particle j + m around the circle, where mℓ = 1 mod n. However, for the small choreographic perturbation of this given by z 1 (t ) = exp(2πiℓt )(1 + ε exp(2πit )), the particles do follow each other in numerical order; that is particle 1 immediately follows particle 2 etc. In this example, we have
If ℓ is not coprime to n this motion involves particles coinciding for all time.
Classification The main result of the first part of the paper (Theorem 2.3) is a complete classification of all possible symmetry groups of (simple) planar choreographies. For a given number n of particles, one finds that there are two infinite families of symmetry group and, if n is odd, three exceptional symmetry groups. Full details of the symmetry groups are given in Section 2; here we give a brief description. For the infinite families, the curve on which the particles move has the symmetry of a regular k-gon for some k. As the particles move, they visit the 'vertices' of the k-gon in some order. This order is similar to the difference between a pentagon and a pentagram: in the former the vertices are visited in geometric order, while in the latter the vertices are visited alternately (i.e., in the order 1, 3, 5, 2, 4, rather than 1, 2, 3, 4, 5). There are convenient symbols used to distinguish these, the so-called Schläfli symbol. The basic regular k-gon is denoted {k}, while the k-gon with every ℓ th vertex visited is denoted {k/ℓ}. Thus the pentagon is denoted {5}, while the pentagram is denoted {5/2}. In order for the geometric object {k/ℓ} to consist of a single closed curve, it is necessary and sufficient that (k, ℓ) = 1 (they are coprime). We adapt this notation, and denote the symmetry groups for n particles moving on a curve of type {k} or {k/ℓ} by C (n, k) or C (n, k/ℓ) respectively if there is no time reversing symmetry, and by D(n, k) or D(n, k/ℓ) respectively if there is. See for example Fig. 2.1 for the difference between D(6, 5) (pentagon) and D(6, 5/2) (pentagram). In these infinite families, the time-reversing symmetries occur in combination with a reflection in the plane.
On the other hand, if n is odd, there are three exceptional symmetry groups denoted C It should be mentioned that Stewart [36] gives a classification of symmetry groups arising in many body problems which is different from ours. This difference arises for two reasons: firstly Stewart does not restrict attention to choreographies, and secondly he considers an approach which is local, and would apply to Hopf bifurcation or Lyapounov centre theorem scenarios: they are the symmetries that can arise for periodic orbits in a linear system. On the other hand, Barutello, Ferrario and Terracini [2] do give a classification of symmetries for 3-body choreographies. However, their classification is simpler than ours as they consider the motion in a rotating frame, which has the effect of projecting out the rotational part of our symmetry groups. This is similar to viewing the motion on the shape sphere, see for example [28] and references therein.
A selection of choreographies with their symmetry group. See Remark 1.6. These are all from the regular families of symmetry groups; for some examples illustrating the exceptional symmetry groups see Fig. 2 .4. Where the same label appears for more than one figure, they correspond to different connected components of the corresponding Fix(G, ΛX
). Animations can be seen at [25] .
VARIATIONAL PROBLEM AND TOPOLOGY OF LOOP SPACES
The principal motivation for this paper is to apply the results to the variational problem describing the periodic motion of n identical particles in the plane, interacting under a Newtonian potential. However, the Newtonian potential is renowned for its difficulty, as was evident even to Poincaré (in modern terms, because the action functional on the space of collision-free loops is not coercive).
The proof of the existence of the figure-8 by Chenciner and Montgomery [8] uses some delicate arguments to show that the minimum of the action functional over the set of loops with the given symmetry cannot occur for a loop with collisions. A different argument for avoiding collisions covering more general symmetry classes was given by Ferrario and Terracini [13] , under the hypothesis that the symmetry group satisfy what they call the rotating circle condition (see Section 2.6 below).
Given an action of a (Lie) group Γ on a manifold there is a natural action of Γ × S 1 on the loop space ΛX . This action has been used a great deal in bifurcation theory, in particular in Hopf bifurcation by Golubitsky and Stewart [16] and in Hamiltonian Lyapounov centre theorem [26] . However, it seems it has not been used as extensively, or as systematically, in variational problems. The second half of this paper goes a little way to address this. Typically, one is looking for periodic solutions of a differential equation which can be expressed as a variational problem. This includes the existence problem of closed geodesics, as well as periodic orbits for n-body problems and more general Lagrangian mechanical systems. Let A : ΛX → R be the 'action functional', whose critical points correspond to periodic solutions of a given fixed period (which we take to be 1), and assume it is invariant under the action of Γ× S 1 (this is the case for example if the Lagrangian is invariant under the action of Γ on X , or for the geodesic problem, if the metric is invariant under the Γ action). For each subgroup G < Γ × S 1 denote by A G the restriction of A to Fix(G, ΛX ). By Palais' principle of symmetric criticality [30] , critical points of A G coincide with critical points of A lying in Fix(G, ΛX ), that is, to symmetric critical points.
If the functional A G is coercive, then it is guaranteed to achieve a minimum, and indeed a minimum on each connected component of Fix(G, ΛX ). Coercive means that for every sequence that has no point of accumulation (in the weak topology), the functional tends to infinity, and it is a standard argument in variational calculus that provided the functional is lower semicontinuous and coercive then it achieves its minimum, see for example the book of Jost and Li-Jost [21] .
For the geodesic problem on a compact Riemannian manifold X , the action functional, equal to the length of a loop, satisfies the Palais-Smale condition and is coercive, and the critical points are the closed geodesics [23] . The topological techniques of this paper can be used to prove the existence of symmetric geodesics, so those satisfying
For n-body problems, the space X is X (n) introduced above, which is not compact, nor even complete because of collisions, and separate arguments are required to deal with the two problems.
Its completion
is not compact and the action functional is not coercive, as loops can move to infinity without the action increasing. However, imposing restrictions on the types of loops considered can ensure coercivity of A , and there are two types of restriction considered in the literature: topological and symmetry based. The topological constraints were introduced by Gordon [20] using the notion of tied loops. The symmetry approach was used in various ways by different authors and culminated in a beautifully simple result of Ferrario and Terracini [13] , who showed that the restriction A G of A to the subspace of loops in X (n) with symmetry G is coercive if and only if G < Γ × S 1 is such that
This holds for a wide class of action functions A , including the one derived from the Newtonian potential. For our purposes this condition (1.6) holds for the choreography group C n , and a fortiori for any group containing C n (the groups of our classification).
There remains the issue of collisions. For the gravitational 1/r potential the action functional on ΛX (n) fails to be coercive because, as was known to Poincaré, there are trajectories with collisions for which the action is finite. Following Poincaré and others since, one can introduce the notion of a strong force (essentially with potential 1/r 2 or stronger, rather than the Newtonian 1/r ), in which case a simple estimate shows that every loop with collisions has infinite action. This idea was investigated by Gordon [20] where he combines it with his idea of tied loops in ΛX (n) to ensure A is coercive on these connected components of ΛX (n) . (See also the very interesting papers of Chenciner [5, 6] describing thes insights and contributions of Poincaré.)
This discussion leads to the following well-known result. 
) there is at least one choreographic periodic orbit of the system.
Proof. The strong force analysis by Gordon [20] and the coercivity result of Ferrario and Terracini [13] mentioned above implies that each connected component of Fix(G, ΛX (n) ) contains a local minimum of the action functional. This minimum is a periodic orbit, and necessarily a choreography since G contains C n .
Connected components of the loop space ΛX (n) correspond to (conjugacy classes of) pure braids and Montgomery [27] gives a very nice analysis of which components of ΛX (n) are tied in Gordon's sense, in terms of the pure braids and their winding numbers. In the second half of this paper, we show that for each group G < Γ × S 1 (so not including time reversing symmetries which will be dealt with in a separate paper), the connected components of Fix(G, ΛX (n) ) are in 1-1 correspondence with conjugacy classes in the full braid group, and more precisely by the P n -conjugacy classes in a certain coset in B n /P n , where P n is the pure braid group on n strings (or twisted conjugacy classes in the case of C ′ (n, 2)). The precise formulation is given in Theorem 5.7. In a sense, this can be seen as extending the work of Montgomery.
For the Newtonian (weak) potential, the action functional is not coercive at collisions, and the notion of tied loops does not apply as the set of collisions does not obstruct moving from one component of ΛX (n) to another. The proof by Chenciner and Montgomery [8] of the existence of the figure-8 solution involves showing that the minimum over all loops with collision is greater than the action of a particular loop with the given symmetry (the class D ′ (3, 2) in our notation), and hence the minimum over loops with that symmetry must be realized for a collision-free loop. The important paper of Ferrario and Terracini [13] gives a general perturbation argument, based on a technique of Marchal, showing that for many symmetry classes the minimum of A G cannot be achieved at a trajectory with collisions. These symmetry classes are those satisfying their rotating circle condition, a property we discuss in Sec. 2.6.
However, even with the gravitational potential, the lack of coercivity does not of course imply that there is not a minimum on each connected component of Fix(G, ΛX (n) ), and indeed numerics suggest that in many, or perhaps most, examples there are such minima (there is numerical evidence that on some connected components there is no minimum, see [32, 33] , but this evidence is also only numerical).
In this paper, we make no claim to prove explicitly the existence of new choreographies for the Newtonian n-body problem, although we can make the following statement, which is an easy consequence of the results of Ferrario and Terracini. It is possible that the choreographies in question are those where n particles move around a figure-8 curve -however to our knowledge it has not been shown that these minimize the action for the given symmetry type.
Proof. Ferrario and Terracini [13] prove that for any symmetry satisfying the rotating circle condition there is a collision-free minimum in the set of loops with that symmetry. We show in Proposition 2.9 that the symmetry groups in question do satisfy this property.
Note that the groups C (n, k/ℓ) also satisfy the rotating circle condition, but in that case it is known that the circular choreography minimizes the action [3] .
For the 3-body problem, many choreographies are known (numerically), almost all of which have just reflectional symmetry (many with one axis, and some with 2 such as the figure 8). A new possibility raised here are the symmetry types D(3, k) with k > 2. A particular case is the choreography of "3 particles on a Celtic knot", depicted in Figure 2 .2, with D(3, 4) symmetry. While a motion similar to the figure exists for the strong force, by Theorem 1.4, it would be particularly interesting to know if it exists for the Newtonian attraction.
We have hitherto not been specific about exactly which space of loops we use. For variational calculus one needs the Sobolev space H )), and the corresponding components are homotopy equivalent.
Organization The paper is organized as follows. In Section 2 we describe the symmetry groups arising for planar choreographies and some of their properties and state the classification theorem, Theorem 2.3. The proof of the theorem is the subject of Section 3.
The remainder of the paper investigates the topology of the space of choreographic loops with a given symmetry. Section 4 describes a general approach to the question for the action of any Lie group Γ on a manifold X . We introduce the notion of 'equivariant fundamental group' which can be used to compute the connected components and their fundamental group of the spaces of symmetric loops. These ideas are applied in Section 5 to the question of choreographies. Finally, Section 6 provides a method to describe which components of the space of loops with symmetry G contain loops with symmetry group strictly greater than G, an important issue in applying variational techniques. In sections 4-6 we consider only the action of Γ × S 1 , rather than allowing time-reversing symmetries in Γ× S 1 . Subgroups with time-reversing symmetries will be considered in a forthcoming paper. Remark 1.6. The figures showing choreographies are provided to illustrate the symmetry types of choreographies. They are all found using MAPLE or MATLAB by a method of steepest descent to minimize the action for the n-body problem with Newtonian potential. The method is applied on a space of finite Fourier series with coefficients satisfying conditions corresponding to the symmetry group in question, as described in Section 2.4. Consequently, if there adoes exist a solution in a particular connected component of the space of loops with a given symmetry type, then it is reasonable to expect the solution to resemble the corresponding figure. Animations of the figures are available on the first author's website [25] , the programming for which was done by Dan Gries to whom we are grateful.
CLASSIFICATION OF SYMMETRY TYPES
NOTATION
Here we introduce some notation for certain subgroups and elements that will be useful throughout the paper. The symbol n always denotes the number of particles, and we assume n ≥ 3.
• We denote by R θ ∈ SO(2) the rotation of the plane through an angle θ and by κ ∈ O(2) the reflection in the horizontal axis. In complex coordinates, R θ is multiplication by e iθ and κ is complex conjugation. We occasionally use κ θ to denote reflection in the line at an angle θ with the horizontal (so κ 0 = κ and R θ κ = κ θ/2 ).
• Let Σ n < S n be the cyclic group of order n generated by σ 1 and let Σ + n < S n be the dihedral group of order 2n generated by σ 1 and s 1 .
• For k coprime to n we denote by σ k ∈ Σ n the unique permutation satisfying σ
• For θ ∈ S 1 denote the transformation t → t + θ of T simply by θ, and the reversing transformation t → θ − t byθ. Thus 0 denotes the identity, and0 the reflection about t = 0. More generally, the reflectionθ is the reflection about the points θ/2 and (θ + 1)/2.
• The choreography element is c = (I ,
, and the choreography subgroup C n is the cyclic subgroup of order n generated by c.
With this notation, the symmetry group of the speed-ℓ circular choreography with n particles described in Example 1.3, is generated by
with θ ∈ S
1
. To be consistent with the notation introduced below, this infinite symmetry group is denoted D(n, ∞/ℓ).
Since the space of choreographies is Fix(C, Λ(X (n) )), there is a natural action of the normalizer of C n in Γ on this space. This normalizer is in fact equal to O(2) × Σ + n × S 1 . In the next proposition we show that the isotropy subgroup of any choreography is contained in this group; if collisions were allowed this would not be the case.
BASIC PROPERTIES
Associated to any choreography u is its symmetry group G, and the projections ρ, σ, τ of G to SO(2),S n and S 1 respectively. We now give a few basic properties of these projections.
Proposition 2.1. Let u be a choreography with symmetry group G
2. ker τ, ker σ and ker ρ are cyclic groups. Indeed, τ(ker ρ) and τ(ker σ) are subgroups of S
1
, while
3. If ker ρ ∩ ker σ = 1 then the curve is multiply covered. Indeed, if
is also a choreography, albeit with a different ordering of the particles.
C n is a normal subgroup of G, and σ(G)
A simple example where ker ρ ∩ kerσ = 1 is the circular choreography with speed ℓ for ℓ > 1, see Example 1.3, where ker σ ∩ ker ρ ≃ Z ℓ .
Proof. (1) Let α ∈ ker τ∩ker ρ, so α = (I , σ, 0) for some σ. Then z σ(i ) (t ) = z i (t ), for all i , t . This is not possible without collisions, and so we must have σ = e. Now let α ′ ∈ ker τ ∩ ker σ, so α
is a rotational symmetry, then all z i are at the origin for all t , leading to collisions, and if A is a reflection, z i (t ) ∈ R for all i , which also implies collisions. Hence A must be trivial.
(2) Assume τ(ker ρ) < S
1
. Then, after possibly reparametrizing time, there exists some α ∈ S n such that g = (I , α, 0) ∈ ker ρ. For this g , z α( j ) (−t ) = z j (t )∀ j , t . If α( j ) = j , then there will be a collision at t = 0. So we must have α = e and hence g ∈ ker ρ ∩ ker σ, i.e. g = (I , e, 0). This implies z i (−t ) = z i (t ) for all i , t and so all the particles move in both directions on the same curve. This system has collisions, so is not allowed.
Now assume τ(ker σ) is not a subgroup of S
1
, and consider h = (A, e, 0) ∈ ker σ. Then hch (2); that is, there exists some element k = (κ, σ, 0) ∈ ker τ (up to conjugacy), and we can assume σ = e by part (1) . Since the centre of mass is at the origin and all particles follow the same curve, this curve must intersect Fix(κ) = R. Suppose i is such that σ(i ) = i , and let t 0 ∈ T be such that z 1 (t 0 ) ∈ R. The symmetry element k then guarantees
Now assume ρ(ker τ) is not a subgroup of SO
Then we have that ker σ and ker ρ must be cyclic since their images under τ are cyclic (for ker τ, its image under ρ) and their kernels under these maps are trivial.
(3) If ker ρ ∩ker σ is not trivial, then it must be cyclic as it is contained in ker ρ. Then there exists (I , e, 1 / ℓ ) ∈ G, so we have u(t + 1 / ℓ ) = u(t ) for all t , so u is ℓ-times covered. Moreover, letũ(t ) = u( t / ℓ ) for t ∈ [0, 1]. This satisfiesũ(t +1) =ũ(t ), and so it is 1-periodic, andũ has choreography symmetry
The product πσ 1 π
will be of the same cycle type as σ 1 = (1 . . . n), namely a cycle of length n.
Combine this element c
with c or its inverse as needed, depending on the sign
Since the intersection ker τ ∩ ker ρ is trivial by part (1), we must have that
and hence is in C n , and so α is in the normalizer of C n as required. Proof. Firstly, note that C n < ker ρ, by its definition.
Assume ker ρ = C n . Then there exists an element g = (I , α, 1 / r ) in G \ C n . We know from the proposition that the τ component of g must not be time reversing, since the spatial component is trivial and hence there cannot be a reversal of the direction of motion. Let m = lcm(r, n) so that m > n. Combination of elements gives h = (I , β, − 1 / m ). We know m is a multiple of n, so set m = an, and then h a = (I , obtain an element of ker ρ ∩ ker σ, and hence the curve is multiply covered by Proposition 2.1.
SYMMETRY TYPES
We define some finite subgroups of Γ × S 1 , which turn out to be all possible finite symmetry types of planar choreographies (Theorem 2.3 below). As usual, let n denote the number of particles and assume n ≥ 3 and recall that c = (I , σ 1 , − 1 / n ). There are two regular families and three exceptional subgroups, the latter only for odd values of n. The two regular families are:
this is the subgroup generated by c and g 0 = (R 2πℓ/k , e, 1 / k ).
If ℓ = 1 we write this as Indeed, If ℓ = 1 we write this as
The three exceptional subgroups, arising only for odd n, are, C ′ (n, 2) -the cyclic group of order 2n generated by g = (κ, σ 2 , − 1 / 2n ). Notice that g 2 = c, and
(n, 1) -the dihedral group of order 2n generated by c and the 'reflection' (R π , s 1 , 0).
A choreography for the 3-body problem with 4-fold symmetry ("3 particles on a Celtic knot"). Note that the particles at t = 1/12 are obtained from those at t = 0 by rotating by −π/2 and relabelling by σ Note that when dealing with general statements, writing C (n, k/ℓ) includes the case ℓ = 1, and clearly C (n, k/1) = C (n, k), and similarly D(n, k/1) = D(n, k) (as described in the introduction). See 
for many examples of choreography with symmetry D(n, kℓ).
We are now ready to state the main classification theorem. Recall that the circular choreographies are defined in Example 1.3. The proof of this theorem is the subject of Section 3. For the remainder of this section, we make some elementary observations about the symmetry groups in the following remarks, and describe a few consequences of the classification.
Remarks 2.4.
1. For the groups C (n, k/ℓ) and D(n, k/ℓ) it is useful to note that the cyclic groups ker ρ, ker σ and ker τ (see Proposition 2.1) are generated as follows:
• ker σ by g 0 = (R 2πℓ/k , e, 1 / k ), and
• ker τ (the core), which is cyclic of order c := (n, k), by
• It is also useful to note that if c = (n, k) = 1 then τ is an isomorphism so that C (n, k/ℓ) is cyclic of order nk generated by
where a, b are such that an − bk = 1. More generally, if (n, k) = c then τ(G) is generated by c/nk and one has g a 0 c
where now an − bk = c, but G itself is not cyclic. 
It was stated in the definition of
, and this together with the coprimality, allows us to restrict attention to ℓ = 1 for k ≤ 4 and
3. If n is even the analogues of the exceptional subgroups would involve collisions and so do not arise.
4. The subgroups denoted C are all non-reversing symmetry groups while those denoted with D are reversing (that is, of cyclic and dihedral type respectively, in the language of [13] ).
5. We will see that all these symmetry types are of interest for choreographies in the n-body problem (at least with a strong force interaction), except those where n divides k (see Example 5.12).
6. In the two regular families, an element preserves orientation in T if and only if it preserves orientation in R 2 , while for the exceptional groups there are elements g with
7. For any choreography with symmetry type D
, the particles pass through the origin. This is because the presence of the element (R π , s 1 , 0) ∈ G implies that z 1 (0) = R π z 1 (0), so that z 1 (0) = 0. It then follows that each of the other particles also passes through 0.
8. Choreographies of type C ′ (n, 2) may or may not pass through the origin, but if one does not then its winding number around the origin is 0. This is because the symmetry (κ, σ 2 , 1 / 2n ) reverses the orientation of the plane, but preserves the orientation of the curve, so takes the winding number to its opposite. This is illustrated in Fig. 2.4(a,b) where the origin (the barycentre) is clearly to the left of the symmetric crossing point. Proof. The symmetries we consider each have a well-defined effect on angular momentum. The rotations SO(2), the permutations S n and the time translations S 1 preserve the angular momentum, while the reflections in O(2) and the time reversing elements of S 1 change angular momentum to its opposite. It is clear that any choreography whose symmetry group contains an element which changes the sign of the angular momentum must have angular momentum equal to zero. This is the case for all the exceptional symmetry groups, as (κ, σ 2 , − 1 / 2n ) and (R π , s 1 , 0) reverse the angular momentum. It is not the case for the regular families.
Proposition 2.5. Choreographies with symmetry C
′ (n, 2), D ′ (n, 1) and D ′ (n, 2) have zero angular momentum. (a) C ′ (7,2) at t = 0 (b) C ′ (7,2) at t = 1/14 (c) D ′ (9,1) (at t = 0) (d) D ′ (7,2) (at t = 0)
FOURIER SERIES
Write z(t ) for the parametrized curve defining the choreography u(t ), with t ∈ T = R/Z. So
Using complex coefficients we can write z as a Fourier series,
The fact that the centre of mass is at the origin translates into the following constraint on the coefficients, as observed by Simó [33] : Symmetry Conditions on Fourier coefficients 
Lemma 2.6. If u is a choreography with n particles and r is a multiple of n then
Proof. Let z(t ) = r ζ r exp(2πir t ) and z j (t ) = z(t + ( j − 1)/n). The centre of mass (as a function of time) is
This is satisfied if and only if
exp(2πir j /n) = 0 (∀r ) and the result then follows since the sum over j vanishes if n is not a divisor of r , otherwise it is equal to n .
If the choreography only has choreographic symmetry C n = C (n, 1) (as in Fig. 1 .1(d)) then there is no further restriction on the Fourier series of the underlying curve. If there is just one reflection giving a time-reversing symmetry, then z(−t ) = z(t ), and this translates into the condition ζ n ∈ R, which in practice means that x(t ) has a cosine expansion and y(t ) a sine expansion (where z = x + iy). Proof. This is a simple calculation for each group.
Proposition 2.7. The symmetry of a choreography u translates into the conditions on the Fourier coefficients shown in
ISOTROPY SUBGROUP LATTICE
For two subgroups G, H of Γ, we write H ≺ G to mean that H is subconjugate to G-that is, H is conjugate to a subgroup of G. It is a transitive relation.
Proposition 2.8. The subgroups listed above satisfy the following subconjugacy relations (recall that
These are illustrated in Figure 2 .5. Note that (2) and ( Proof. These all follow from the definitions of the groups (also from the Fourier series representations above). That there are no other subconjugacies is a simple case-by-case analysis, using for
Moreover, the generator of C ′ (n, 2) is not conjugate to any element of any C (n, k/ℓ), or indeed of any element of D(n, ∞/ℓ).
ROTATING CIRCLE CONDITION
In their very interesting paper [13] , Ferrario and Terracini introduce the rotating circle condition, and show by a clever perturbation argument that if the action of G satisfies this condition then a collision path in the loop space cannot be a local minimum of the restriction of the Newtonian action functional to the set of loops with symmetry G. This condition is defined for choreographies in R 
PROOF OF CLASSIFICATION THEOREM
In this section we prove Theorem 2.3. Let u be a choreography of period 1, with finite symmetry G. We also assume u does not have period less than 1 (if it has minimal period T < 1 then replace u(t ) by u(t /T ) which then has period 1, and if necessary relabel the particles). By Proposition 2.1(4),
G < O(2)×Σ
+ n × S 1 , and C n ✁G. The proof is in two halves: first we assume that the symmetry group has trivial core (so τ is injective) and then we reduce the general case to the first, by considering the quotient by a free group action. As usual τ : G → S 1 is the projection
TRIVIAL CORE
Recall that the core of the symmetry group is ker τ. So first we assume G is such that τ is injective.
This means that G ≃ τ(G) < S 1 , so that G is isomorphic to a cyclic or a dihedral group (we call "the" group of two elements cyclic if it is in S 1 and dihedral if not): these are the non-reversing and reversing symmetry groups respectively.
Non-reversing symmetry groups
We are assuming τ(G) ⊂ S 1 . Since τ is injective, it follows that G is isomorphic to a subgroup of S 1 so is a cyclic group and since it contains C n its order is a multiple of n. Suppose then that G ≃ Z kn , where k is a positive integer.
Let g 0 be the element of G ≃ Z kn with τ(g 0 ) = 1 / nk : it is a generator of G. Then
since τ is injective, this element will be c =
The equation σ(g 0 ) k = σ 1 has a solution if and only if (n, k) = 1. In that case the solution is unique and is, by definition, σ(g 0 ) = σ k . Now consider ρ(g 0 ). Since ker ρ = C n (Corollary 2.2) we have a short exact sequence,
where Z k < O(2).
• If k = 1, then ρ(g 0 ) = I so G = C n = C (n, 1, 1).
• If k > 2, then we have Z k < O(2) is generated by R 2π/k . The element ρ(g 0 ) generates Z k , and so must be equal to R 2πℓ/k for some ℓ coprime to k. In this case, we have G = C (n, k, l ) with k coprime to both n and ℓ.
• In the case where k = 2, we have two possibilities. Either Z k is Z 2 , generated by R π , in which case we have ρ(g 0 ) = R π and G = C (n, 2, 1), or it is dihedral D 1 , generated by κ, in which case ρ(g 0 ) = κ and we have G = C ′ (n, 2).
Reversing symmetry groups
This is a bit more involved. Since we are assuming the core is trivial, G ≃ τ(G), and G is therefore a dihedral group. Since τ(G) contains 1 / n ∈ S 1 it must be D kn for some k.
As σ 1 generates an abelian group of order n > 2, σ(r ) cannot be in this group. Hence it must be a reflection on the points, that is: for odd n, σ(r ) must be conjugate to s 1 , which fixes one particle (namely, z 1 ), while for even n, there are two possibilities: The dihedral condition on r gives,
Consider each case in turn: first suppose G 0 = C (n, k/ℓ).
• If ρ(r ) = R π , it would commute with R 2πℓ/k in the above which is only possible if k ≤ 2 (recall that (k, ℓ) = 1). Then G contains the element g = (R π , s, 0). If k = 2 then combining g with (R π , e, 1 / 2 ) ∈ C (n, 2, 1) produces the element (I , s, 1 / 2 ) which again contradicts Proposition 2.1 (2) . If on the other hand k = 1 we adjoin the element (R π , e, 0) to C (n, 1, 1) = C n which gives the group D(n, 1, 1).
• •
so again contradicting Proposition 2.1(2).
•
We have therefore considered every case with a trivial core, and shown each either gives one of the groups of the classification in Section 2.3 or leads to a collision so the trivial core case is complete. We next consider the cases with non-trivial core.
NON-TRIVIAL CORE
Suppose now the choreography u has symmetry group G with non-trivial core K := ker τ. It follows that u(t ) ∈ Fix(K , X (n) ) for all t . By Proposition 2.1, K is a cyclic group of order c say and is generated by an element of the form g c := (R 2πr /c , σ n/c 1 , 0) ∈ Γ × S 1 for some r coprime to c (and we may assume 1 ≤ r ≤ c/2 up to conjugacy). Throughout the paper we put n = n/c and for given K we write
). For the choreography to have core K it follows that, for all j ,
The classification of choreographies in Y proceeds by identifying Y as a smooth finite cover of X ( n) * , the configuration space of n particles in the punctured plane C \ {0}, thereby reducing the classification of choreographies with core to those with no core, but now in X ( n) * . Explicitly, the covering is given by
Note that it follows from (3.2) that the z j = 0. Solving (3.3) and using (3.2) shows that Ψ is a smooth covering of degree c n . Let u(t ) = ((z 1 (t ), . . . , z n (t )) be a choreography with core K , and define the loop u in X ( n) * by u(t ) = (w 1 (t ), . . . , w n (t )) = Ψ(u(t /c)), so that w j (t ) = z j (t /c) c . Combining (3.2) with the choreography symmetry of u shows each w j is of period 1, and the loop u is indeed a choreography. Furthermore, if the core of u is precisely K then the core of u is trivial, so we can apply the classification we have so far obtained ( §3.1) to u. (z 1 (t ) , . . . , z n (t )), and consider the underlying curve z(t ) = z 1 (t ) say. The winding number is given by integrating d z/z around the curve. First integrate d z/z from t = 0 to t = 1/c. This is equal to ln(z(1/c) − ln(z(0)) mod 2πi, which is 2πi(r /c mod 1) = 0, using the choreography symmetry and (3.2). The integral from t = 0 to t = 1 is therefore 2πi(r mod c) = 0, and so the winding number itself is equal to r mod c, so we are done.
Proof. Let u(t ) =
There remain the possibilities of u having symmetry C ( n, k/ ℓ) or D( n, k/ ℓ), for some integers k, ℓ with ( n, k) = ( k, ℓ) = 1. So the question remains, given one of these symmetries for u, what are the possible symmetries of u?
So, suppose first that u has symmetry C ( n, k/ ℓ), for ℓ coprime to k. We claim that u has symmetry (conjugate to) C (n, k/ℓ) for some ℓ necessarily coprime to k = c k and with ℓ = ± ℓ mod k. Note that since c | n and ( n, k) = 1 it follows that (n, k) = c, consistent with the fact that the core is of order c. Now C ( n, k/ ℓ) is generated by the choreography elementĉ = (I , σ 1 , − 1 / n ) and g 0 = (R 2π ℓ/ k , e, 1 / k ). Explicitly, for each j and each t , for some integer h (independent of j and t by the choreography symmetry), with k = c k. That is, the symmetry group of u contains, in addition to K and C n , the group generated by
This is the symmetry group C (n, k/ℓ) with ℓ = ℓ + h k as required. Note that r in the core is related to ℓ by r ≡ ℓ mod c.
Finally suppose u has symmetry D( n, k/ ℓ). Then it also has symmetry C ( n, k/ ℓ), and so u has symmetry C (n, k/ℓ) as above. Moreover, u has symmetry (κ, s 1 ,0). That is,
Here the index 2 − j is modulo n. Lifting this to u (taking c th roots and replacing t by t /c as above) givesz 2− j + f n (−t ) = z j (t ), for some f . This leads to a subgroup conjugate to D(n, k/ℓ), and concludes the proof of Theorem 2.3.
✷
CONNECTED COMPONENTS OF SPACES OF SYMMETRIC LOOPS
Suppose Γ acts on a space X . There is then a natural action of Γ × S 1 on the loop space ΛX . In this section we analyse the sets of connected components of the spaces Fix( G, ΛX ) for subgroups G of
In the following section we apply these results to spaces of choreographies with C (n, k/ℓ) and C ′ (n, 2) symmetry. In a future paper we will consider the reversing symmetry groups in Γ × S 1 , with applications to the remaining symmetry types of choreography.
The topological analysis in this section is based on [24] , but expressed in more "equivariant" terms. We write all groups multiplicatively, so the trivial (homotopy) group is denoted 1. The loop space ΛX is the set of continuous maps u : T → X , where we identify the circle T with R/Z. All loop spaces are given the compact-open topology.
For the remainder of this paper we change notation slightly compared to the earlier sections.
Instead of writing G < Γ × S 1 as hitherto, we now write G < Γ, and the corresponding subgroup
is given as the graph of a homomorphism τ : G → S
1
; we denote this subgroup by G τ .
SYMMETRIC LOOPS
Let X be a manifold (or more generally a CW-complex) and Γ a group acting on X . Then there is a natural action of Γ × S 1 on the space ΛX of loops on X , by
We will consider the natural action of Γ × S 1 in a later paper. Let τ : G → S 1 be a given homomorphism, and G τ its graph {(g , τ(g )) | g ∈ G}. A loop u ∈ ΛX is said to have symmetry G τ if (g , τ(g )) · u = u for all g ∈ G. In other words, u ∈ Fix(G τ , ΛX ).
The following lemma is easy to check. 
be the space of relative loops with phase g , or more briefly of g -loops. In particular, Λ e X = ΛX . For each g ∈ Γ and each positive integer r , define a map φ r : where Z r is the cyclic group generated by (g , 1 / r ) ∈ Γ × S 1 . Note that while φ r depends on the phase g , its inverse does not, at least not explicitly.
Proposition 4.2. Let G, τ, K be as above with G finite and let τ(G) be of order r , so τ(G)
= Z r < S 1 . Then φ r defines a homeomorphism Λ g X K → Fix(G, ΛX ), for any g ∈ G satisfying τ(g ) = 1 / r .
EQUIVARIANT LOOP SPACE
Let X be a manifold and Γ a group acting on X . Denote by P (X ) the space of all paths on X -that is maps [0, 1] → X , and by P (X , x) the space of those paths γ for which γ(0) = x. We follow standard notation and denote by ΛX the space of (free) loops in X , so the set of those γ ∈ P (X ) for which γ(1) = γ(0), and we let Ω(X , x) denote the space of loops based at x, so γ(0) = γ(1) = x. All spaces of paths are given the compact-open topology.
We define the equivariant free loop space to be
Similarly Ω Γ (X , x) consists of those equivariant loops (γ, g ) with γ(0) = x and γ(1) = g · x. We will denote by β the projection P (X ) × Γ → Γ given by β(γ, g ) = g . We also denote the restrictions of β to Λ Γ X and Ω Γ (X ) by β. In the last section we defined, for each g ∈ Γ,
In the same way that the fundamental group π 1 (X , x) is defined to be Ω(X , x)/ ∼ where ∼ means homotopy of paths relative to the end-points, we define
where again ∼ is relative to end-points, and with g kept fixed. This set π Γ 1 (X , x) has a natural group structure given by
where g δ is the image of δ under the action of g on X , and * is the usual concatenation product in homotopy. [Note that our notation does not distinguish between homotopy classes and their representatives: one should write for example
We hope this will not be a source of confusion.] Some details and examples of this group can be found in the second author's thesis [35, Sec 2.4] . The group was introduced by Rhodes [31] where he calls it the fundamental group of the transformation group, and denotes it σ(X , x, Γ). The group is independent of base point x up to isomorphism, provided X is path connected, or more generally * provided Γ acts transitively on the set of connected components of X . Some other properties, immediate from the definition, are as follows. * Rhodes [31] proves this only for Abelian groups, but it is easily seen to be true in general: indeed the map (γ, g ) → (hγ,hg h −1 ) provides a homeomorphism Ω Γ (X , x) → Ω Γ (X ,hx) which descends to an isomorphism π Γ 1 (X , x) → π Γ 1 (X ,hx).
• There is a short exact sequence,
where β is the natural projection (γ, g ) → g as above, and more generally if N ✁ Γ (normal subgroup) then
• If x is fixed by Γ then π
where the action of Γ on π 1 (X , x) is the natural one. In particular if the action of Γ on X is trivial then π
• If f : X → Y , is an equivariant map then there is a natural homomorphism f * : π
Note that at the level of homotopy, the homeomorphism φ r of Proposition 4.2 becomes 1 (X , x) ≃ π 1 (X , x) × α R, where × α means we identify (γ, r + n) and (α(n)γ, r ) for n ∈ Z ≃ π 1 (S 1 , e); in other words, we factor π 1 (X , x) × R by the normal subgroup generated by (α(1), −1), where the 1 is the generator of π 1 (S 1 , e) ≃ Z < R. The isomorphism is given as follows. Let θ ∈ R and p ∈ X , and denote by θ p the path
which is a path from p to θ · p following the S 1 -orbit. Then for (γ, θ) ∈ π 1 (X , x) × R, the corresponding element of π S 1 1 (X , x) is (γ * θ x , θ mod 1). This descends to a well-defined homomorphism
Note that (−θ) θ·x is the reverse path of θ x . (Everything is up to homotopy of course.)
The projection β makes π S Here EΓ is the total space of the universal classifying bundle for Γ, it is a contractible space on which Γ acts freely. The space X × Γ EΓ = (EΓ × X )/Γ is the (Borel construction for) the homotopy orbit space for the Γ-action on X .
Proof. Let * ∈ E be a base point, and for each g ∈ Γ choose a path ω g from * to g · * (since EΓ is contractible, ω g is unique up to homotopy). Consider the injective map ω g ), g ). This equivariant loop then descends to a loop in Ω(X Γ , (x, * )). The composite
is injective, and induces a well-defined injective homomorphism on homotopy,
Moreover, given any homotopy class σ ∈ π 1 (X Γ , (x, * )), any representative of σ can be lifted uniquely to a curve (γ, α) in X × EΓ with (γ(1), α(1)) = g · (x, * ) for some g . Thus (γ, α) ∈ Ω Γ (X × EΓ, (x, * )). (The lift is unique because Γ is finite and the action is free.) Then (γ, α) is homotopic to (γ, ω g ) which corresponds to (γ, g ) ∈ π Γ 1 (X , x). It follows that the homomorphism (4.7) is an isomorphism as required. Proof. The second author's thesis [35] contains a direct proof using path lifting properties of the quotient map X → X /N , much like the proof above. We give a proof here using the proposition above.
The first statement follows immediately from Proposition 4.5 as in this case X /N is homotopic to X N . The more general statement follows from the snake lemma applied to the diagram,
The first column is injective with cokernel N since π N 1 (X , x) ≃ π 1 (X /N ,x), and the final column is surjective with kernel N ; since the resulting homomorphism N → N is an isomorphism, it follows that the middle column is an isomorphism.
CONNECTED COMPONENTS
We are interested in the topology of the space Λ Γ X of equivariant loops, and in particular of each
(g ). To this end we adapt the usual argument showing that the connected components of the free loop space ΛX correspond to conjugacy classes in the fundamental group π 1 (X , x).
First we need the topology of the based equivariant loop space Ω Γ (X , x), or rather Ω g for each g . This is derived by giving Γ the discrete topology and using the fibration
is contractible, one finds from the long exact sequence that for k ≥ 1,
And by definition π 0 (Ω
(as Γ has the discrete topology). Consider now the fibration
The fibre over the point x is Ω Γ (X , x). The long exact sequence associated to this fibration ends with
where we have assumed X is path connected. Since the topology on Γ is discrete, we have π 0 (Ω
, so that the last few terms of the sequence above become, 
is the effect of lifting a loop η ∈ Ω(X , x) in the fibration (4.8). Let t 0 ∈ [0, 1] and put y = η(t 0 ). The g -loopη y * γ * (g ·η y ), where η y (t ) = η(t 0 t ) for t ∈ [0, 1] (see figure below) provides a deformation of γ, continuous in t 0 , with base-point y. Letting t 0 increase until t 0 = 1 gives the required expression.
It follows from the exact sequence (4.9) that two g -loops γ, δ ∈ Ω g (X , x) are in the same connected component of Λ g X if and only if there is a loop η ∈ Ω(X , x) and a homotopy δ ∼η * γ * (g η).
If we assume that X is aspherical, which will be true of the applications to choreographies, then we can easily deduce more (a space is aspherical if its universal cover is contractible; these are also known as Eilenberg-MacLane K (π, 1) spaces). In this case π k (X , x) = 1 for k ≥ 2, and it follows that π k (Ω Γ (X , x)) = 1 for k ≥ 1 and the long exact sequence above then implies
In particular, the '· · · ' at the start of (4.9) can be replaced by 1, and so π 1 (Λ Γ X , (γ, g )) is isomorphic to the kernel of α.
The preceding discussion can be summarized in the following statement, which is a restatement in terms of the equivariant fundamental group of two theorems in [24] . The theorem will be applied via Proposition 4.2 to spaces of symmetric loops. 
Before turning to the case in hand of n-body choreographies, we illustrate the theorem with two examples. Example 4.10. For a more interesting example, let X be the cylinder T × R with a single puncture at ( 1 / 2 , 0). The fundamental group is the free group on two generators F 2 . Choosing x = (0, 0) as a base point, the generators are the two loops a and b, one above the puncture and one below, both chosen to go round the circle T once in the positive direction. Let Γ = Z 2 act by reflection in the equator, so κ · (θ, r ) = (θ, −r ). Since x is fixed by this action, we have π 
and the latter space has connected components in 1-1 correspondence with the orbits of the action of
where w is any element of F 2 , so any word in a, b, andw is the same word but with a replaced everywhere by b and vice versa. Thus two κ-loops z, z ′ based at x are in the same connected component of Fix(Γ τ , ΛX ) if and only if there is a w ∈ F 2 such that z ′ = w zw −1
. For example, all κ-loops of the form ww −1 are in the same connected component as the trivial loop at x. Moreover, that connected component is contractible by Theorem 4.8(2) since it is aspherical with fundamental group {w ∈ F 2 | ww −1 = e}, which is the trivial group. On the other hand, the connected component containing the κ-loop a is not contractible, as ab(a) ab
Remark 4.11. The theorem above was written in terms of 'twisted conjugacy' in [24] (also known as Reidemeister conjugacy). Let π be a group and φ an endomorphism of π. Two elements γ, γ ′ ∈ π are said to be φ-twisted conjugate if there is a δ ∈ π such that γ ′ = δγφ(δ
−1
). In the first example above, φ(a) = −a (additively) and in the second φ(w ) =w.
The description in [24] is related to the present approach as follows. For g ∈ Γ let ω = ω g be a fixed path from x to g · x. Then we can identify the coset β
(g ). The expression for α in (4.10) above using this identification is, for η ∈ π 1 (X , x),
which is precisely Reidemeister conjugation of ζ, where φ is the automorphism
Further details can be found in [35] .
CHOREOGRAPHIES AND BRAIDS
We now apply the results of the previous section to the case in hand of n distinct points in the plane and in particular to the choreographic loops. We are interested in the action of finite sub-
and we use some of the properties above to find the equivariant fundamental group π 
CONFIGURATION SPACE AND BRAIDS
First we recall some facts about braid groups, and introduce some notation. Two useful references are the books by Kessel and Turaev [22] and Farb and Margalit [11] . It was first observed by Fox and Neuwirth [14] that the fundamental group of the space X (n) is (isomorphic to) the pure braid group P n , and it was moreover proved by Fadell and Neuwirth [10] that X (n) is aspherical. Recall that the braid groups sit in a short exact sequence
where B n is the full braid group on n strings, and S n the permutation group. Furthermore, S n acts freely on X (n) and the fundamental group of the quotient space X /S n is the full braid group B n (as observed in [14] ). It follows that the equivariant fundamental group π
, x) is isomorphic to the braid group B n , and that (4.3) becomes (5.1) (i.e., β becomes π). Here we are taking the usual base point considered for braid groups, namely x is any point in X represents the clockwise interchange of points i and i + 1. The centre of both groups B n and P n is infinite cyclic, generated by the full twist ∆ This element represents a clockwise rotation through 2π of the whole braid.
Denote by δ the element δ = b 1 b 2 . . . b n−1 (see Figure 5 .1). In the exact sequence (5.1) we have
It follows that δ n ∈ P n and in fact δ n = ∆ 2 (as is not hard to see geometrically).
Remark 5.1. Some care should taken to express correctly the permutation associated to a given braid, since we are using the usual left action of the permutation group. Now, as homotopy classes of curves in X (n) , the product bb
and then π(b) -this is consistent with the usual relation between free group actions and fundamental groups, as described for example in Spanier [34, Chap. 2]). In particular, the permutation associated to the braid δ = b 1 b 2 b 3 b 4 ∈ B 5 shown in Fig. 5.1 is π(δ) = (1 2 3 4 5) (rather than the usual (5 4 3 2 1) ).
There is a homomorphism χ : B n → Z, generated by χ(b i ) = 1, and called the exponent sum of the braid; it measures the algebraic number of crossings in the braid. For example χ(δ) = n − 1 while χ(∆) = 1 2 n(n − 1). The important property in the present context is that χ is invariant under conjugation, as is easy to see. (More abstractly, Z is the first homology group of B n , and χ is the natural projection
We define two subgroups of the braid group which will be useful later.
Definitions 5.2. Firstly, we let B n,1 be the group
where the n +1 strings are labelled 0, 1, . . . , n. Its generators are described in the review by Vershinin [38] (where B n,1 is denoted Br 1,n+1 ). Secondly, we define a subgroup P n+1(c) of P n+1 as follows: again label the strings 0, . . . , n. Then for each pure braid p ∈ P n+1 there are integers w i j (p) given by the number of times string i winds around string j . Then put
That is, the number of times each string winds around the 0-string is an integer multiple of c.
(This also has a homological interpretation, as the winding numbers of a loop are the images of the element of P n in its first homology group.) ) is connected and aspherical, with fundamental group π 1 (Y , y) ≃ P n,1(c) < P n+1 .
Proof. We saw in Section 3 that Y is a cover of X ( n) * , of degree c n . The homotopy type of X ( n) * is found from the fibration X ( n+1) → C given by
The fibre over 0 is X ( n) * and since the base is contractible, the total space and the fibre are homotopic. That is, X ( n) * ∼ X ( n+1) , and the latter is aspherical with fundamental group P n+1 as already pointed out. Now consider the covering Ψ : Y → X ( n) * of degree c n given in (3.3), which is in fact the quotient map for the action of Z n c acting by multiplication by c th roots of unity:
where  = j mod n. This gives the short exact sequence,
The projection to Z n c is the winding number mod c of each of the strings (particles) around the origin.
For the following theorem, we need to define an involution b →b on B n : given any braid b ∈ B n , thenb is the same braid but with every overcrossing changed into an undercrossing and vice versa. This is a homomorphism, and clearly this leaves the resulting permutation unaffected: 
The image of other elements can be determined using the semidirect product structure coming from
. In terms of this isomorphism, the projection β : π
where π : B n → S n is the usual projection.
Proof. We use Proposition 4.6 and Eq. (4.4), with N = S n ✁ O(2) × S n . Firstly, S n acts freely on X (n) so that
Now apply Proposition 4.6 to the SO(2)-action to obtain (we identify
The second isomorphism, by Example 4.4, is (γ, θ) → [γ * (−θ) θ·x , θ], whereγ is a path in X (n) /S n with phase θ. Let γ be the unique lift of the pathγ to X (n) with base point x. Sinceγ(1) = θ ·x, we
Consequently, γ * (−θ) g ·x is a path from x to σ · x and so represents a braid, as required.
The final result then follows by using κ ∈ O (2) For future reference, if p ∈ P n , which we consider as the element (p, 0, e) ∈ (B n × α R) ⋊ Z 2 , then conjugation by p is given by,
The first of these just involves the usual conjugacy in the braid group, while the second uses a twisted (Reidemeister) conjugacy: in the notation of Remark 4.11 it uses φ(p) =p. 
a group we call the cyclic braid group, and which is the subgroup of B n generated by P n and δ; it is of course the inverse image under π : B n → S n of the cyclic group Σ n . The homomorphism β : π Σ n 1 → Σ n here is just the restriction of π to this cyclic braid group.
Combining this example with the SO(2) action we can find π 8) where
, the corresponding element of the right hand side is
for θ = aℓ/k ∈ Z(1/k) (the path θ p is defined in Example 4.4) . Under this isomorphism, the projection β : π
, which is cyclic of order 2n and its projection to Γ is generated by (κ, σ 2 ) ∈ Γ. There is an isomorphism π Proof. Since the groups are subgroups of Γ, these statements are all immediate consequences of the more general Theorem 5.4.
CHOREOGRAPHIES
We now return to the case of choreographies, where the equivariant loops are those arising from the classification of Section 2. Since we are looking at non-reversing symmetry groups in this section, there are two cases: C (n, k/ℓ) and, if n is odd, C ′ (n, 2). (We consider the time-reversing symmetries in a separate paper.)
Recall that for C (n, k/ℓ) we denote the core by K : it is the pointwise isotropy of a loop with this symmetry and is the cyclic group of order c = (n, k) generated by (R 2πℓ/c , σ ) is in 1-1 correspondence with the following sets:
• for G = C (n, k/ℓ) with (n, k) = 1, the set of P n -conjugacy classes in the coset δ b P n ⊂ C B n , where bk ≡ −1 mod n; (2) The connected component containing u ∈ Fix(G, ΛX ) is aspherical with fundamental group isomorphic to the group Π u defined as follows:
where b ∈ δ b P n < B n is the braid corresponding to the path t → u(t /nk) for t ∈ [0, 1] and bk ≡ −1 mod n;
• for G = C (n, k/ℓ) with (n, k) = c > 1 it is the analogue, with X (n) replaced by Y and so p ∈ P n,1(c) in place of P n ,
where b ∈ δ b P n,1(c) < B n,1 is the braid corresponding to the path t → u(c t /nk) for t ∈ [0, 1] and bk ≡ −c mod n;
where b ∈ B n is the braid corresponding to the path t → u(t /2n) for t ∈ [0, 1].
For example, for choreographies with symmetry C = C (n, 1), we have that k = 1, so an − bk = 1 for a = 0, b = −1. The relevant coset is therefore δ
It is easy to see that each of the cosets occurring in part (1) contains infinitely many conjugacy classes, since multiplication by powers of ∆ 2 preserves the coset, but changes the conjugacy class as is readily seen by considering the exponent sum (which is invariant under conjugacy). Remark 5.9. Finding centralizers of braid elements is an interesting problem in braid theory, see for example [19] . However the known results do not address the twisted conjugacy problem relevant to C ′ (n, 2), although some general results do exist [18] .
Proof. By Proposition 4.2, we know Fix(G, ΛX (n) ) is homeomorphic to Λ g X (n) if the core is trivial, and to Λ g Y = Λ g Y K if the core K is non-trivial, for some suitable g ∈ Γ discussed below. In each case, given a loop u ∈ Fix(G, X (n) ) one defines a suitable g -loop γ according to Proposition 4.2. The set of connected components is then given in part (1) of Theorem 4.8, while the fundamental group of each component is given in part (2) of the same theorem. We proceed by treating each class of symmetry group in turn, first the two cases with trivial core, and then the remaining groups with non-trivial core, which requires a more involved argument.
First suppose G = C (n, k/ℓ) with (n, k) = 1. Here G is cyclic of order nk and its projection to Γ is generated by g = (R 2πaℓ/k , σ Next suppose u has symmetry G = C ′ (n, 2), which is the cyclic group of order 2n whose projection to Γ is generated by g ′ = (κ, σ 2 ) (recall n is odd, so σ 2 = σ a 1 where a = (n + 1)/2). Then β
, x) (see Theorem 5.4 for notation). It then follows from the second part of (5.6) that the conjugation by p ∈ P n is given by b → pbp It was shown above that the P 3 -centralizer of b 1 b 2 is the subgroup of P 3 generated by ∆ 2 , so that the set of loops with symmetry C (3, ∞) has the homotopy type of a circle. On the other hand, it follows from work of González-Meneses and Weiss [19] Finally, we consider symmetry groups where the number of particles divides the order of symmetry of the curve, and show directly that such loops are always homotopic to the circular choreography, and indeed in the case of the Newtonian potential the only choreographic solution is the circular one.
Example 5.12. Suppose G = C (n, k/ℓ) with k a multiple of n. Then c = (n, k) = n, and the fixed point space Fix(K , X (n) ) ≃ X (1) * , the punctured plane. Indeed, the position of the first particle determines the others as they lie at the vertices of a regular n-gon centred at the origin. The motion will preserve this property and so the solutions will be 'homothetic'. The fundamental group of this fixed point space is Z, and the equivariant fundamental group π
The conjugacy is trivial, so there are countably many connected components (parametrized by π 1 (C * ) = Z), and each connected component is homotopic to a circle.
More explicitly, let u(t ) = (z 1 (t ), . . . , z n (t )) be a choreography with symmetry C (n, k/ℓ) with k = an. The symmetry implies that for all t , z i (t )/z j (t ) is never a positive real number. Define a new choreography v homotopic to u within the set of loops with symmetry C (n, k/ℓ) by projecting each point radially to the unit circle:
This choreography involves all the points moving equally spaced around the unit circle, and so in fact has symmetry D(n, ∞, ℓ). It follows that every component of C (n, k/ℓ) with n|k contains a loop with symmetry D(n, ∞, ℓ). Furthermore, each of the Z's worth of connected components of C (n, k/ℓ) mentioned above contains the multiple coverings of the basic one.
As far as the dynamics is concerned, the potential function on X (n) restricts to a similar potential function on this fixed point space. In particular, if the potential is homogeneous of degree d , then the restriction is also homogeneous of degree d , and the resulting dynamics coincides with that for a single mass moving in the corresponding central force. For example, if the system is Newtonian (d = −1) the restricted dynamics will involve the vertices of the regular n-gon moving in ellipses, and every solution will thus be periodic. However, distinct vertices will move on distinct ellipses, so the only choreographic solution will be the circular motion (relative equilibrium). Similar results should be available for other homogeneous potentials.
In the next section, we extend this example by asking which components of C (n, k) and C (n, k/ℓ) do not contain loops with greater symmetry.
ADJACENCIES AND COMPONENTS
There is a familiar question in the application of topological methods to the calculus of variations which asks whether a given loop is homotopic to a loop which is multiply covered. If it is not, then existence theorems (such as existence of geodesics) guarantee there is a solution in the given homotopy class (connected component of loop space) which is not just a multiple covering of a simpler solution, so guaranteeing a 'new' solution. The answer is simply that a loop is not homotopic to a multiply covered loop if and only if the corresponding element of the fundamental group is primitive. An element of a group is said to be primitive if it cannot be written as a positive power of another element; this property is invariant under conjugacy.
From the symmetry perspective, even if there is no symmetry group on the configuration space X , there is always an S 1 -action on the loop space ΛX (we don't discuss the S 1 action in this section). A trivial loop is one with isotropy precisely S The natural extension of this question to the symmetric setting is to ask whether a particular connected component of the space of loops with symmetry G contains loops with greater symmetry (of which multiple coverings are a particular case). We saw an instance of this in Example 5.12 where G = C (n, k/ℓ) with n | k: all such components contain loops with symmetry D(n, ∞/ℓ).
In the context of choreographies, we saw in Section 2.5 that C (n, k/ℓ) ≺ C (n, k 
MAXIMAL SYMMETRY TYPE
Returning to the general context of actions of a group Γ on a connected manifold X , suppose a loop u has symmetry equal to G < Γ × S 1 , with τ(G) = Z r < S 1 and suppose g ∈ G is such that τ(g ) = 1 / r . Such a g is uniquely defined modulo K = ker τ ✁ G and moreover, since u has isotropy G, g ∈ N = N Γ (K ), the normalizer of K in Γ. As usual define in this case γ(t ) = u(t /r ) for t ∈ [0, 1], the generator of u, so u = φ r (γ) in the notation of (4.1). Then
Let If the action of Γ on X is free the theorem simplifies considerably as follows. 
APPLICATION TO CHOREOGRAPHIES
Since we know from Theorem 2.3 all the isotropy subgroups of Γ×S 1 appearing for choreographies we can simplify the application of the theorem above. There are two types of case to consider. The first, more direct, is that C (n, 1) = C n ≺ C ′ (n, 2) and the other, which involves many sub-cases, is that C (n, k/ℓ) ≺ C (n, k ′ ≡ ±ℓ mod k. This is in addition to u being homotopic to a multiply covered loop.
